Recent experiments show no statistical impact of seal length on the performance of long elastomeric seals in relatively smooth test fixtures. Motivated by these results, we analytically and computationally investigate the combined effects of seal length and compressibility on the maximum differential pressure a seal can support. We present a Saint-Venant type analytic shear lag solution for slightly compressible seals with large aspect ratios, which compares well with nonlinear finite element simulations in regions far from the ends of the seal. However, at the high-and lowpressure ends, where fracture is observed experimentally, the analytic solution is in poor agreement with detailed finite element calculations. Nevertheless, we show that the analytic solution provides far-field stress measures that correlate, over a range of aspect ratios and bulk moduli, the calculated energy release rates for the growth of small cracks at the two ends of the seal. Thus a single finite element simulation coupled with the analytic solution can be used to determine tendencies for fracture at the two ends of the seal over a wide range of geometry and compressibility. Finally, using a hypothetical critical energy release rate, predictions for whether a crack on the high-pressure end will begin to grow before or after a crack on the low-pressure end begins to grow are made using the analytic solution and compared with finite element simulations for finite deformation, hyperelastic seals.
I. INTRODUCTION
There has been much work starting in the early part of this century on the use of gels as seals. Much of the interest was stimulated by the work of Beebe [1] , who used them as pH-responsive valves in microfluidic devices. More recently, there has been a great deal of interest in their commercial use in oil and gas applications as seals for multi-stage hydraulic fracturing. A schematic of such a seal is shown in Fig. 1 . A flurry of research related to this application has been conducted examining swelling kinetics [2] [3] [4] [5] [6] , novel composite formulations [7] [8] [9] [10] , and fundamental mechanisms of sealing [11] [12] [13] . However, nearly all of these studies assume the solvent and matrix phases of the gels to be incompressible, thereby rendering the sealing element incompressible aside from volumetric changes occurring via net imbibition of solvent from ambient.
FIG. 1.
Cross-sectional schematic of a typical hydraulic seal for oil and gas applications illustrating regions of high stress concentration at the high-pressure and low-pressure ends where material fracture is observed.
It is undoubtedly true that the bulk modulus is much * bdruecke@mit.edu greater than the shear modulus for the polymer matrix in these gels, which is the reason for treating them as incompressible. For a conventional polybutadiene rubber, the bulk modulus is on the order of 2 GPa and the smallstrain Young's modulus is on the order of 100 kPa [14] . Likewise the solvent phase imbibed by the matrix, consisting either of water or short-chain hydrocarbons, has a bulk modulus also on the order of gigapascals and, as a Newtonian fluid, has zero shear modulus. The fact that the bulk modulus is much larger than the shear modulus means that volume-preserving (isochoric) deformations often dominate dilational deformations, and treating these materials as perfectly incompressible is usually reasonable.
However, seal engineers are already aware that bulk modulus is important in accurately understanding the performance of seals in highly confined geometries. The reason is that, in these confined spaces, the isochoric deformations are often small, meaning the dilational deformations are of similar importance to volume-preserving deformations. While this is important for seals with aspect ratios near unity such as O-rings, it is exacerbated as the aspect ratio becomes long such that the dimension parallel to the axis of symmetry is much larger than the radial dimension perpendicular to the the axis. This is exactly the form factor used for swell packers for oil and gas applications.
The conventional wisdom in the oil and gas industry is that the critical differential pressure (the fluid pressure required for leakage) scales linearly with the length of the seal [15] . However, recent laboratory experiments in relatively smooth-walled pressure vessels show contrary results. Motivated by these experimental observations, we investigate the interplay between seal length and compressibility and show how these variables affect performance of the seal.
We first briefly summarize the results of the moti-vating experiments. We then present an approximate, Saint-Venant type, analytic solution for the stress, strain and displacement fields in a long, slightly compressible seal for both axisymmetric and plane strain geometries.
Comparison with finite element simulations for large deformation, hyperelastic materials reveals that the linear, Saint-Venant solution is reasonable in the bulk of the seal away from the high-pressure and low-pressure ends. Despite the fact that the approximate solution is inaccurate near the two ends where failure is observed in experiments, we show that stress measures from the approximate solution are correlated with the energy release rates for the growth of cracks in these regions. These correlations, obtained by a single finite element simulation, can then be used to predict how seal length and bulk modulus affect the tendency to fracture at the two ends of the seal. The results show that increasing the bulk modulus or making the seal shorter promotes failure at the low-pressure end, and conversely, making the seal longer or more compressible promotes seal failure on the high-pressure end. Finally, for a particular choice of critical energy release rates, a phase plot is created showing when the seal will fail at the high-pressure end and when it will fail at the low-pressure end as a function of seal aspect ratio and ratio of elastic moduli. For the case in which friction is assumed to be small, increasing the length of a seal beyond a given scale does not lower the energy release rate, prevent the growth of cracks, nor improve the performance of seals.
II. MOTIVATION
This work is motivated by a set of experiments examining the effect of seal length on the maximum differential pressure that the seal can support. Experiments were carried out with a 1/4 scale model of a commercial oilfield packer. A single seal element, shown schematically in Fig. 2 , of length L = 10.2 cm, inner diameter D 1 = 3.49 cm, support ring diameter D 2 = 4.61 cm and swollen diameter D 3 = 4.83 cm was able to support a maximum differential pressure of ∆P crit = 9.65 ± 0.42 MPa. The results of this control configuration were compared with those for two seal elements, each of length L = 10.2 cm, stacked adjacent to each other with adjacent ends of the sealing elements in contact (but unbonded), as depicted in Fig. 2 .b. This stacked configuration with twice the length of elastomer was able to support a maximum differential pressure of ∆P crit = 9.53 ± 0.66 MPa. Despite the fact that the seal was twice as long, the maximum differential pressure was not significantly different from the control configuration. Additional details of the experiments are found in Supplementary Material §1 at [URL will be inserted by publisher]. 
III. ANALYSIS A. Model Derivation
Here we present the derivation of the approximate solution in plane strain geometry; the derivation for axisymmetric geometry is found in Appendix A. For small displacements u Fig. 2 .d, the governing equations for equilibrium linear elasticity are
where σ * = 2µǫ * + λtr (ǫ * ) I is the Cauchy stress tensor,
T is the infinitesimal strain tensor, µ and λ are Lamé moduli, I is the second-order identity tensor, and ∇ * is the gradient operator with respect to the dimensional coordinates (x * , y * ). In typical applications, the seal is bonded on the inner surface to a rigid metallic substrate, thereby imposing a displacement-free boundary condition on this sur-face: u * (x * , y * = 0) = 0. On the outer sealing surface, we impose a boundary condition in which the tangential traction and normal displacement are both zero, giving σ * 12 = v * = 0 on y * = H. Note that this is an idealization that is reasonable when there is little friction between the seal and the bounding surface, which is often true for cased holes and laboratory experiments. In the other limit, when the friction is very large, we can impose a zero tangential displacement boundary condition on the top surface at y * = 2H, giving rise to a shear-free symmetry plane at y * = H, and the current formulation is still valid for plane strain. On the high-pressure end, fluid pressure p 0 is applied giving a compressive normal traction, σ * 11 = −p 0 , and zero tangential traction, σ * 12 = 0, on x * = 0. Finally, the physical boundary condition on the low-pressure end is complicated because there is contact between the seal and a rigid metal support ring that partially fills the annular gap between the radius of the inner tube, R 1 , and the radius of the hole, R 3 , in Fig. 1 . Over the extrusion gap between the support ring (R 2 ) and outer hole (R 3 ), there is no traction on the low-pressure end of the seal. In order to make the problem analytically tractable, we parameterize this lowpressure boundary condition as an effective linear spring with stiffness k * such that σ * 11 + k * u * = 0 and σ * 12 = 0 on x * = L. The effective stiffness is a function of the geometry of the low-pressure support, having values that range from k * = 0 if there is no support to k * → ∞ if the metal support ring entirely fills the annular gap and the seal is perfectly supported. In practice, this stiffness can be determined by a single finite element simulation for a given geometry and shear modulus. Details of this calculation are given in Supplementary Material §2 at [URL will be inserted by publisher].
The entire premise of this work is that bulk deformation is as important or more important than isochoric deformation. We therefore scale the displacements with their bulk deformations
where K = (2µ + 3λ) /3 is the bulk modulus. The motivation for this scaling comes from the relationship between the trace of the stress and strain tensors. The pressure in the solid, p * (x * , y * ), is the spherical part of the stress tensor:
Then the non-dimensional equations to leading order are
subject to the boundary conditions
where each stress tensor component is normalized with the applied pressure σ = σ * /p 0 and where k ≡ k * L/K is the nondimensionalized stiffness of the low-pressure support ring. We have assumed slight compressibility, µ/λ ≪ 1, and large aspect ratio, L/H ≫ 1, and the corresponding small terms have been neglected. These equations are analogous to steady compressible Poiseuille flow in a rectangular channel of height 2H. Eqn. (3b) requires the pressure to be a function of axial position alone: p = p (x). The pressure drop along the length of the seal is due to the no-slip constraint on y = 0 and the corresponding shear stress at this boundary. In the Poiseuille analogy, the low-pressure boundary condition can be thought of as a restrictive orifice, through which the fluid must flow, thereby providing a pressure drop proportional to flow rate.
Upon integration of the longitudinal equilibrium equation, application of boundary conditions at y = 0 and y = 1, substitution back into p = −∇ · u, integration, and application of the shear-free boundary condition on y = 1, we obtain
and C 1 and C 2 are constants of integration. Note that the parameter α is the key scaling parameter indicating the effect of system compressibility on the performance of the seal. As either µ/λ or L 2 /H 2 become larger, the system becomes effectively more compressible, and a larger fraction of the fluid pressure applied to the seal is transmitted via shear to the basepipe, and a correspondingly smaller amount is transmitted to the low-pressure end of the seal.
As in classic boundary layer problems [16] where the outer solution is unable to satisfy all the requisite boundary conditions, the outer solution in Eqn. (5) identically satisfies the boundary conditions on y * = 0 and y * = H given by Eqn. (4c) and (4d), but has only two free parameters, C 1 and C 2 , with which to attempt to satisfy four total boundary conditions on the surfaces x * = 0 and x * = L required by Eqn. (4a) and (4b). Because we do not have analytic inner solutions in the boundary layer regions x * H and x * L − H with which to match, we choose to satisfy the normal stress boundary conditions in a weak, Saint-Venant sense [17] on either end. The axial displacement and axial normal stress, averaged over the cross-sectional area, are
(Note that in the axisymmetric case in Appendix A, the integrals are evaluated using the differential crosssectional area, dA * = 2πr * dr * .) Then applying the normal boundary conditions σ 11 = −1 on x = 0 and σ 11 + ku = 0 on x = 1 gives
where k was previously defined to be the nondimensional stiffness of the low-pressure support. The resulting stress tensor components are
The approximate solution given in Eqn. (5), (8) and (9) is the outer asymptotic solution valid to leading order in the small parameter ǫ ≡ µ/λ. By the definition of bulk modulus, K ≡ λ+2µ/3, the ratio λ/K = O ǫ 0 is leading order. Some higher-order terms containing µ/K = O ǫ 1 have been retained in Eqn. (9) because they arise naturally from term proportional to the shear modulus, µ, in σ * = 2µǫ * + λtr (ǫ * ) I, despite the solution for the displacements being valid only to leading order.
B. Validation
The asymptotic solution does not satisfy the shearfree boundary conditions at x * = 0 and x * = L, and is therefore valid only in the bulk of the domain, H x * L − H, sufficiently far from the boundary layers at the ends, which are of thickness O (H). The utility of the analytic solution can be seen by comparing key dependent variables with those predicted by more realistic finite element solutions. Fig. 3 compares results of the approximate analytic solution to detailed finite element calculations (finite deformation, neo-Hookean hyperelastic material) for a case when the aspect ratio is L/H = 20, the ratio of small strain elastic moduli are µ/λ = 2.5 × 10 −3 and the low-pressure support ring fills three quarters of the gap between the inner and outer surfaces of the seal. Note that when referring to material properties in finite element simulations, we use µ and λ to denote the small-strain limits of the elastic moduli for finite element simulations of finite deformation hyperelasticity.
Three quantities of interest to seal engineers are plotted. The first of these is the sealing stress between the outer surface of the seal and the rigid surface against which it seals. Lorenz and Persson [18] have shown that leak rate past the seal increases with a decrease in this contact stress, and the normal contact traction is of primary importance in modeling the flow of fluid between deformable surfaces, as done using the pressure penetration boundary condition in Abaqus/Standard [19] . Sealing stress is well-predicted by the analytic solution except in the boundary layer regions near the ends given by x H/L and x 1 − H/L. Note that the present solution does not include the effect of pre-compression of the seal, which is required for sealing, but, for a linear system, pre-compression can be accounted for by superposition.
Similarly, as one might intuit and as we show below, the transfer of axial force,
along the length of the seal from the high-pressure end to the low-pressure end is important for predicting the onset of failure on both ends. Note that the force is defined to be positive when acting in the +ê 1 direction on a cut through the body with outward unit normaln = −ê 1 . (This is simply for convenience, because the axial stress, σ * 11 , is compressive and therefore negative.) As shown in Fig. 3 .b, the analytic solution is able to predict axial force along the length of the seal.
Finally, one might be interested in shear stress along the inner surface where the seal is bonded to a rigid substrate. By equilibrium in the longitudinal direction and the shear-free boundary condition on the upper surface, the shear traction is equal to the slope of the axial force curve. Fig. 3 .c shows that the agreement is reasonable, except in the boundary layer regions at the ends. 
C. Failure Initiation
In experimental observations of typical oilfield seals, large cracks are often observed on the low-pressure end of the seal. Additionally, delamination between the seal and the rigid substrate is sometimes observed on the highpressure end [12] , as depicted schematically in Fig. 6 . In what follows, we presume that there are small preexisting cracks in the material, both on the high-pressure end at the interface between the seal and the substrate and at the low-pressure end near the extrusion gap. The precise geometry of these cracks is generally unknown. We investigate, through the use of finite element simulations, the combined effects of seal length and bulk modulus on the tendency for growth of these cracks. The parameter of interest for crack mechanics is the energy release rate, G, which gives the incremental decrease in elastic strain energy per incremental increase in crack surface area as the crack advances. Classic energy arguments pioneered by Griffith state that the crack will advance when the energy release rate exceeds a critical value, G crit , which is a material property, such that
To investigate these tendencies for crack propagation, we conduct a sequence of finite element simulations for the finite deformation of a neo-Hookean material. The bulk modulus and length of the seal are varied. We use the finite element program Abaqus/Standard to calculate the energy release rate [20] for the growth of an interfacial crack of length 10 µm on the high-pressure end. We use the same simulations to calculate the energy release rate for the growth of each crack in an array of 51 cracks on the low-pressure end. Each crack in this array extends perpendicularly inward from the low-pressure surface, has a length of 10 µm, and a spacing from its nearest neighbors of s = 20 µm. Although this close spacing of cracks leads to shielding (see Supp. Info. §3), giving a lower energy release rate for a particular crack than if there were no neighboring cracks, the crack geometry and shielding effect are held fixed in all simulations, and the shielding does not change the trends observed in the dependence of energy release rates on length and bulk modulus. Details of the simulations are provided in the Supplementary Material at [URL will be inserted by publisher].
High-Pressure End
In physical seal systems, there is a radial compressive stress that is needed to prevent the flow of fluid betweeen the seal and its mating surfaces. This stress acts perpendicular to the plane of the small interfacial crack on the high-pressure end and serves to close the crack. Therefore, the driving force for crack propagation is the shearing between the seal and the rigid substrate, which gives rise to a Mode II shear failure at the interface. Although the behavior of interfacial cracks between dissimilar materials is nontrivial [21] , we expect both the energy release rate and the Mode II stress intensity factor to be proportional to the shear stress at the high-pressure corner
where a is the crack length, G HP is the energy release rate for the growth of a crack at the high-pressure end,
is an effective Young's modulus for plane strain, and σ 12 is some characteristic (far-field) shear stress evaluated near the high-pressure corner at (x * , y * ) = (0, 0). Despite the singular nature of the shear stress at the crack tip in linear elasticity theory, we take a coarse-grained approach and treat the shear stress ahead of the crack as the gradient of axial force given in Eqn. (11) . Then we expect a quadratic dependence of energy release rate on gradient of force, as
Fig . 4 shows the energy release rate computed by the finite element simulations versus the analytically predicted gradient of axial force at the leading edge, dF * /dx * | x=0 , for several aspect ratios and two drastically different bulk moduli. The results show that this scaling, and the approximate analytic solution for the axial force gradient correlate the computed energy release rates over a wide range of aspect ratios and ratios of elastic moduli. Aside from the collapse of all the energy release rates versus shear stress, it is worthwhile to note that, in the inset of Fig. 4 , all the energy release rate curves for highly compressible seals with the ratio of elastic moduli λ/µ = 150 fall on top of each other, despite the widely varying aspect ratios. This indicates that the energy release rate for the growth of a crack on the high-pressure end of the seal is insensitive to seal length, when the bulk modulus is low and the seal is highly compressible. The reason is that, for highly compressible seals, the seal does not feel the effect of the low-pressure boundary condition, and the entirety of the applied differential pressure is transferred to the rigid substrate via shear. The seal is effectively infinitely long from the high-pressure crack's perspective. Thus, for a fixed bulk modulus, increasing seal length beyond a certain value does not affect the tendency for crack growth on the high-pressure end and does not improve seal performance.
Low-Pressure End
On the low-pressure end, we expect the energy release rate for the growth of a small crack to depend on the load transmitted from the high-pressure end along the length of the seal to the extrusion gap at the low-pressure end. The approximate analytic solution above provides a prediction of the distribution of axial load, F * (x * ), and we therefore attempt to scale energy release rate with transmitted axial force as
Fig . 5 shows that, despite the rather unusual shape of the energy release rate versus pressure curves due to finite deformations, the energy release rate on the lowpressure end is well-predicted by the transmitted axial force, which is calculated from the approximate analytic solution.
The unusual shapes of both energy release rate versus applied pressure, p 0 , and energy release rate versus transmitted axial force, F * x | x * =L are a manifestation of finite deformation in the simulations. As the pressure increases, the seal material is pushed into the extrusion gap. Therefore, a small preexisting crack originally located at the corner of the support ring where the stress concentration is highest is extruded into a region where the stress concentration is lower, and a new crack moves into the region of highest stress concentration. The curve of energy release rate is the locus of the instantaneously maximum (evaluated over all the cracks) energy release rate
where G LP,i (p 0 ) is the energy release rate of the i th crack at applied pressure p 0 . In typical linear elastic fracture mechanics, the energy release rate scales with the square of the applied load. Here, the scaling is initially weaker than that because finite deformation extrusion provides an additional degree of freedom, thereby relieving some of the increase in strain energy at the crack tips.
Most importantly, we do not claim that the shape of this curve is univeral. Undoubtedly it depends on the geometry of the low-pressure support and the geometry of the cracks in the low-pressure region. However, the collapse of all of these curves over a range of aspect ratios and elastic moduli ratios, when scaled with transmitted axial load, is the key finding.
Qualitative Explanation of Observed Correlation
Here we provide a qualitative explanation for the reason the analytic solution provides good correlations of energy release rates despite having poor agreement with detailed finite element simulations at both ends of the seal. The reasoning is analogous to the theory of matched asymptotic expansions and conventional fracture mechanics arguments regarding ratios of length scales. We have already shown through finite element simulations that the deformations in the bulk of the seal are small, due to the highly confined nature of the seal, and have utilized Saint-Venant's principle to obtain a solution in the bulk without accurately resolving the details in the boundary layer regions at the ends of the seal. The bulk solution is insensitive to the detailed solution at the high-pressure end, and therefore is insensitive to the details of the stress and displacement fields surrounding the crack tip for a short interfacial crack. Similarly, on the low-pressure end, the boundary condition has been parameterized as a linear spring, and the bulk solution is therefore only sensitive to the overall stiffness of the low-pressure support and insensitive to the details of the crack tip stress and displacement fields. On the other hand, the inner solutions (which we have only computed numerically) near the crack on the highpressure end and near the cracks on the low-pressure end are highly dependent on the details of the crack geometry as well as the far-field loading of the crack. Although in this analysis we do not claim to know the detailed geometry of the cracks (crack length, spacing, etc.), it is clear that once this geometry is fixed, the only variables affecting the stress intensity factor and energy release rate are the far-field loading and material properties. The energy release rate for these cracks is dependent only on shear modulus or Young's modulus, and is not strongly affected by the bulk modulus, as illustrated by Eqn. (13) , where the Poisson ratio is always very near to its incompressible limit: ν ≈ 1/2.
Having fixed the crack geometry and the shear modulus, the only remaining parameter affecting energy release rate is the far-field loading on the cracks, which is precisely what is provided by the approximate analytic solution in the bulk. Therefore, holding the shear modulus and local geometry around the cracks fixed, the outer analytic solution provides far-field loading on the crack and can be used to correlate energy release rates for the growth of cracks when the length and bulk modulus of the seal are varied. Fig. 6 schematically illustrates this separation of length scales and matching. On the high-pressure end, the far-field loading condition is dependent both on the applied pressure, p 0 , and on the traction exerted by the bulk of the seal on the high-pressure end. For Mode II fracture, the far-field stress of importance is this gradient of axial force given by the difference between the applied pressure p 0 and the traction on the hypothetical cut dividing the high-pressure end from the bulk of the seal
where r is the radial coordinate from the tip of the interface crack on the high-pressure end. However, from the theory of matched asymptotic expansions, we know that the limit of the outer, bulk solution as x * → 0 must equal the limit of the inner, local crack solution as r → ∞.
This is the gradient of average axial force, or, using Eqn. 11, this is equivalent to the shear stress in the bulk predicted by the approximate analytic solution. Similarly, on the low-pressure end, the far-field stress of importance is the traction in the horizontal direction applied far from the crack as ρ b → ∞ where ρ is the radial coordinate from the tip of the low-pressure crack and b is the length of the low-pressure crack. As in the analysis for the high-pressure end, the theory of matched asymptotic expansions states that the outer limit of stresses in the low-pressure solution must equal the inner limit of stresses in the bulk solution
which indicates that the bulk solution evaluated at the low-pressure end gives the proper scaling of the far-field loading for a small crack at the low-pressure end.
IV. DISCUSSION
In the preceding section, we derived an approximate analytic solution for the distribution of stresses and displacements in a long, slightly compressible seal. We have FIG. 6 . Schematic illustrating the boundary value problem near the crack tips and the separation of the problem into boundary layers, on which the solution is evaluated numerically, and an outer region over which the approximate analytic solution is reasonable.
also shown that the energy release rate for the growth of a small crack on the high-pressure end of the seal at the interface between the seal and the rigid substrate is dependent on the coarse-grained shear stress at this location. Finally, we have shown that the energy release rate for the growth of a small crack on the low-pressure end depends on the axial force transmitted from the highpressure end to the low-pressure end by the seal. Here, we put together these pieces of information and use them to analyze the effects of bulk modulus and seal length on seal performance. Specifically, we show that decreasing the bulk modulus decreases the tendency for crack growth on the low-pressure end, which implies that the seal is more likely to begin to fail on the high-pressure end. Similarly, increasing the seal length makes the seal effectively more compressible and decreases the energy release rate for growth of a crack on the low-pressure end. We examine this behavior and compare analytic predictions with a small parametric finite element investigation illustrating these points.
Note that the geometry of the low-pressure support for this finite element study differs from that used to generate Figs. 4 and 5. Here, an extrusion gap of ten percent of the seal thickness is used, whereas the previous results were for an extrusion gap that was 25 percent of the seal thickness. The present results give a correspondingly stiffer low-pressure support than those of the preceding section. Further parameters for the finite element simulations are given in the Supplementary Material at [URL will be inserted by publisher].
The analytic solution above gave the distribution of axial and shear stresses in the body, which were used to correlate energy release rate in Figs. 4 and 5 . In dimensional form, the analytically predicted shear stress on the high-pressure end and the transmitted axial force on the low-pressure end were, respectively,
As stated above, given the material properties and geometry of the seal, this solution has a single free parameter, k * , which characterizes the stiffness of the low-pressure support. For a neo-Hookean seal with a small strain shear modulus of µ = 6.13 × 10
5 Pa and geometry given in Table I, the low-pressure support stiffness is found, via finite element analysis, to be k * = 5.59 × 10 9 ± 4.3 × 10 7 Pa/m. Using this value of k * , the stresses in Eqn. (18) are known. Fig. 7 shows a plot of the normalized stress on the high-pressure end, p −1 0 dF * /dx * and the normalized stress on the low-pressure end, p
, both as a function of bulk modulus and aspect ratio. The results show that, on the high-pressure end, the shear stress decreases with increasing bulk modulus because, as the bulk modulus increases, more of the applied load is supported by the low-pressure support and less by shear along the bonded interface. Similarly, as the length of the seal decreases, more load is transferred to the lowpressure support and less is supported by shear. The opposite trends in axial stress are observed at the lowpressure end of the seal.
In addition to the analytic solution, the preceding section demonstrated that the energy release rates on the high-and low-pressure ends depend on these stress measures. For the sake of clarity of discussion, let us denote the functional dependence of the energy release rates on these stress measures as
where the dependence on variables such as crack length could be further investigated using finite element analysis but are simply held fixed in the current study. The functional dependence of energy release rate on stress, as Although this current investigation makes no attempt to experimentally characterize the critical energy release rate for growth of cracks on either end of a seal, using hypothetical values allows us to explore the effects of aspect ratio and bulk modulus. If we computationally determine the dependence of energy release rates on the stress 
Furthermore, substituting into Eqn. 18 allows us to determine the pressure required to reach the critical energy release rate at each of the two ends of the seal.
The minimum of these two is the pressure at which the seal will begin to fracture. If the critical pressure on the high-pressure end is smaller, a crack on the high-pressure end will begin to grow before a crack on the low-pressure end will advance. Conversely, if the critical pressure on the low-pressure end is smaller, a crack there will begin to grow first. The point at which cracks on both the high-pressure end and low-pressure end are equally likely to advance is given by the equality of these two critical pressures, which can be solved for via a numeric rootfinding algorithm, such as Newton-Raphson or Matlab's fminsearch.
In the absence of knowledge of values of critical energy release rates, G HP crit and G LP crit , we choose hypothetical values and examine the resulting behavior. Because of convergence issues and the inability to push the finite element simulations to high energy release rates for cracks with length of 10 µm, as given in Table I , critical energy release rates of G HP crit = G LP crit = 0.5 J/m 2 were chosen for the purpose of illustrating the combined effects of length and compressibility. Despite the fact that these are low for realistic systems, the qualitative behavior obtained from them is representative. 
LP 0.5 J/m 2 ≈ 1.4 × 10 4 N. Then using these values and equating the critical pressure on the lowpressure end with that on the high-pressure end gives the solid black curve shown in the plots of Fig. 7 . This is the predicted curve on which failure at the low-pressure end is equally favorable as failure at the high-pressure end. To the left of this curve, stress on the high-pressure end increases, while stress on the low-pressure end decreases, making failure on the high-pressure end more favorable.
Conversely, to the right of this curve, failure on the lowpressure end is more probable.
Superposed on this plot are symbols denoting results of finite element simulations. In these finite element simulations, energy release rates were calculated for the growth of small cracks on both the high-pressure and low-pressure ends of the seal. The same failure criteria of G HP crit = G LP crit = 0.5 J/m 2 were used for the finite element simulations, and once the computed energy release rate exceded the critical energy release rate, the seal was deemed to have failed, with the location of failure given by the end that first reached the critical energy release rate. In the plot, the symbols × denote simulations in which the failure first occurred on the high-pressure end and the symbols • denote those simulations in which the failure first occurred on the low-pressure end. The predictions by the set of finite element simulations predicting whether the seal will fail at the high-pressure end or the low-pressure end agree well with the predictions made from the analytic solution.
These results are consistent with expectations regarding the effect of aspect ratio and compressibility. For a given aspect ratio, increasing the bulk modulus shifts the location of failure from the high-pressure end to the lowpressure end because a high bulk modulus means more axial load is transferred to the low-pressure end and less is transferred via shear to the rigid substrate. Similarly, for a fixed bulk modulus, increasing the length (aspect ratio) increases the tendency for failure on the high-pressure end. The reason is that, as the seal becomes longer, less of the applied load is supported by the low-pressure support, and more of it is transferred by shear to the rigid substrate. This shear stress is the source of failure on the high-pressure end.
V. CONCLUSIONS
A closed-form, approximate analytic solution has been derived for long, slightly compressible seals in both planestrain and axisymmetric configurations. The solution reveals a key compressibility parameter, α ≡ 3µ/λL/H, proportional to length and inversely proportional to bulk modulus. As the shear modulus increases relative to the bulk modulus, or the length increases relative to the thickness, the seal becomes more compressible. The corresponding volumetric shrinkage means that there is deformation on the high-pressure end, and the corresponding shear transmits load to the rigid substrate rather than transmitting it to the mechanical support at the low-pressure end of the seal. In summary, as the seal becomes more compliant, the load transmitted to the rigid substrate increases and the load transmitted to the lowpressure support decreases. The approximate analytic solution agrees with finite element computations for finite deformation neo-Hookean materials.
Additionally, it was shown that an approximate SaintVenant type solution, valid only away from the boundary layers, could be used to correlate energy release rates for cracks inside the boundary layers. The Saint-Venant solution provides the far-field loading stresses for the cracks, which are required to determine the amplitudes of the stress intensity factors and energy release rates. In functional form, we could write
where σ ∞ is the far-field stress tensor provided by the Saint-Venant solution, and the effect of the remaining parameters are calculated via finite element analysis. In this case we are aided by the fact that the material is very nearly incompressible, which means the effect of shear modulus, µ, and bulk modulus K ≈ λ are decoupled. The finite element simulations can be run for a particular choice of µ, and the results can then be used for a wide variety of values of K or λ. We expect this would not be the case if the Poisson ratio were allowed to vary of a large range because the energy release rate would then have a functional dependence of the form: G = G (σ ∞ ; µ, ν, Geometry). The correlation between the analytic solution and energy release rates can be used to understand why making a seal longer does not necessarily equate to larger supported differential pressure in situations where friction between the seal and external sealing surface is small. The analytically computed phase diagram showing the region where failure will first occur on the high-pressure end and the region where failure will first occur on the low-pressure end agrees well with finite element calculations. This phase diagram can be used to explore how changing the bulk modulus or changing the aspect ratio will affect the location of failure. In practice, for a given elastomeric compound, the ratio of bulk modulus to shear modulus can be adjusted to a limited extent by varying crosslink density, and thereby varying shear modulus. However, it is much easier to vary the length of the seal in engineering designs, and this type of phase diagram could be used as a guide when choosing an appropriate length of seal for given material properties. In reality, it is not recommended that engineering designs be made solely based on this phase plot. Instead, this diagram illustrates the trade-off between length and compressibility, and should serve as a guide when screening preliminary seal designs. Detailed finite element modeling will undoubtedly be needed to account for more realistic conditions such as friction.
Although the current analysis only examined fracture initiation, the results suggest that a crack on the highpressure end of a long, compressible seal will grow until the seal becomes effectively shorter and a critical energy release rate is reached on the low-pressure end. Conversely, for a very short, highly incompressible seal, the solution suggests that cracks will begin to grow on the low-pressure end of the seal until the seal is sufficiently compliant such that cracks on the high-pressure end begin to grow. In this way, it is not surprising that experiments have revealed damage on both ends of the seal regardless of its length. A fracture propagation model, as opposed to the current examination of fracture initiation, is needed to show this result more conclusively as well as the breaking of axisymmetry leading to eventual seal leakage.
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VI. BIBLIOGRAPHY Appendix A: Axisymmetric Geometry
The annular geometry is defined in Fig. 2 , where the domain of the boundary value problem is r * = (r * , z
The field equations and boundary conditions are analogous to those presented above for the plane strain case. We nondimensionalize the independent variables as
where H ≡ R 3 − R 1 , giving 0 ≤ r ≤ 1. We define a nondimensional ratio of lengths
which gives the importance of curvature. As β becomes small, the effect of curvature decreases and, in the limit as β → 0, the plane-strain case is recovered. Then the independent variables are nondimensionalized as
The dependent displacement variables are nondimensionalized as
Then the nondimensionalized equilibrium equations are
We again ignore small terms of order H/L ≪ 1, µ/λ ≪ 1 while retaining terms of leading order (µ/λ) L 2 /H 2 ∼ 1 giving the leading-order governing equations
Upon integration and application of boundary conditions on the surfaces r * = R 1 , R 3 , we arrive at the solution
where the Taylor series expansion of f (β) for values of β near zero in the plane-strain limit is
which can be clearly seen to have the limiting value of f (β) → √ 3 and γ → α in the plane-strain limit of β → 0. As in the plane strain case, there are two constants of integration and four axial boundary conditions. We choose to satisfy the boundary conditions normal to the surfaces at z * = 0, L in the integral sense.
K is the nondimensional low-pressure stiffness. Together, these boundary conditions specify the values of the integration constants as
(A.14a) Table A Fig. 3 , which were for the plane strain case. As in the plane-strain case, the approximate analytic results agree exceptionally well with the finite element results except in the boundary layer regions near the ends of the seal for z * < H and L − H < z * < L. 
Experimental Investigation of Seal Length
This work was motivated by a small set of experiments that investigated the effect of seal length on maximum differential pressure supported by a seal. Although these experiments were not exhaustive in the investigation of geometry and material property parameters, the results for this set of experiments reveal that, for the particular conditions of these experiments, stacking two sealing elements in series does not affect the maximum differential pressure supported by the seal system. It is true that these tests were performed in steel pressure vessels with relatively smooth walls, so the effect of friction was minimized. However, steel pressure vessels or steel casing are typical for validation testing of a novel packer design prior to deployment in oil and gas wells. The lack of dependence of critical differential pressure on seal length in these experiments suggests that previous understanding about scaling of maximum differential pressure with seal length may not be valid in all cases. It is this invalidity, for this specific set of experiments, that motivates our investigation of the combined effects of length and compressibility on performance of long elastomeric seals. A brief overview of the geometry and key results is given in Section II of the main article. Here we expand upon the description. The fundamental modular sealing element consists of an annular body of carbon black-filled EPDM-based rubber bonded to a thin annular steel shell. The outer diameter of the rubber element is D = 4.61 cm and the diameter of the interface between the inner surface of rubber and outer surface of the shell is D 1 = 3.49 cm. The length of rubber and steel shell is L = 10.2 cm. In the experiments either a single element or two elements with nothing between them were slid onto a solid steel mandrel of outer diameter D = 3.06 cm. Metal support rings with outer diameter D 2 = 4.61 cm were affixed to the steel mandrel on either end of the seal element(s) with either set screws or shaft collars. The mandrel with seal element(s) was inserted into a pressure vessel. The pressure vessel, mounted vertically to eliminate bubbles, was filled from the bottom with a low-viscosity mineral oil (Penreco LVT-200), which is a standard oil blend for packer testing in industry. The pressure vessel was heated to T = 82
• C using electric resitance heating bands (Briskheat BSAT201006 and BSAT201008), and temperature was controlled using a simple thermostat (Micromatic E54 Brewer's Edge ® Controller II). The seals were swollen at elevated temperature for two or three weeks, as denoted in Table SM-1. At the conclusion of swelling, the seals were subjected to differential pressure applied using an Teledyne Isco Model 260D syringe pump containing the same LVT 200 mineral oil. The pump was programmed to continuously ramp pressure at a rate of 1.15 kPa/s (10 psi/min). The low-pressure end of the pressure vessel was open to atmospheric pressure; therefore, the gauge pressure supplied by the pump was equivalent to the differential pressure across the seal. Pump pressure was increased until there was a precipitous drop in pressure and a sharp spike in flow rate. The maximum pump pressure was denoted as the critical differential pressure.
Four replications of a control configuration and two replications of the trial configuration were tested. The swelling duration, configuration, and maximum differential pressure are reported in Table SM- 2 Calibration of Low-Pressure Support Stiffness, k *
In the analytic solution presented in the paper, the low-pressure support at x * = L (z * = L in axisymmetric geometry) is parameterized as a linear spring with stiffness coefficient k * such that the applied stress is related to the deformation at the low-pressure surface through
for the plane-strain case and correspondingly
for the axisymmetric configuration, where the overline denotes the average value over the cross-section. The entire analytic solution has only this single adjustable parameter, which is not solved for explicitly as part of the model. However, a single finite element simulation for a given geometry (h, H, r c ) and shear modulus µ can be used to determine k * .
1 Then this value can be used as the length and bulk modulus of the seal are varied.
In order to determine this effective stiffness of the low-pressure support, we conduct a single finite element analysis of a short elastomeric seal, similar to that sketched in Fig. SM-2 , having a length, L, that is on the order of four times the thickness, H, of the seal. (The factor of four is empirically found to be sufficiently far from the low-pressure support such that the deformation is nearly uniform on the high-pressure surface.)
Figure SM-2: System schematic for finite element simulations to empirically determine the stiffness of the low-pressure support, k * .
The objective of this calibration is to quantify the relation between stress and deformation at the lowpressure support. In order to separate the effect of shear on the lateral surfaces from the effect of mechanical support on the low-pressure surface, we prescribe shear-free boundary conditions on both the lower and upper surfaces at y * = 0 and y * = H. (In the corresponding axisymmetric configuration, shear-free boundaries at the inner radius, r * = R 1 , and outer radius, r * = R 3 , are prescribed.) The input to the finite element simulation is the applied load, p 0 , and the output given is the resulting nodal displacements on the highpressure end at x * = 0 (z * = 0 in axisymmetric geometry). To calculate an effective stiffness in plane strain, we evaluate the average displacement of the high-pressure end at x * = 0 by numerically integrating the nodal displacements.
The total displacement on the high-pressure end is the result of both the decrease in volume of the body due to compression as well as isochoric extrusion into the low-pressure gap. The stiffness, k * , gives a relation between the part of displacement due to isochoric extrusion. We therefore partition the total displacement on the high-pressure end into that which is caused by bulk compression, and that which is due to isochoric extrusion.
The bulk deformation is the deformation that would result if the low-pressure end were infinitely stiff, and there were only uniform uniaxial strain due to volume reduction. Since the bulk modulus i slarge and the volume change small, we expect an infinitesimal deformation solution for uniaxial compression to give reasonable estimate for u * 0,bulk . The infinitesimal displacement solution for uniaxial strain gives
For uniform applied stress σ * 11 = −p 0 , integrating the infinitesimal strain ǫ * 11 = ∂u * /∂x * over the length of the body gives
where µ and λ are the small-strain Lamé moduli (tangent moduli at zero strain), and we have prescribed zero displacement, u * = 0, at the low-pressure end of the seal, x * = L. Finally, the stiffness is evaluated as
Fig . SM-3 shows results for calculation of the low-pressure stiffness for a seal of thickness H = 2.5 cm, neo-Hookean material with small-strain shear modulus µ = 613 kPa, low-pressure support filling 90 percent of the seal height and a corner radius of r c = 0.188 mm. The results are shown for three significantly different small-strain bulk moduli in order to demonstrate that the results of support stiffness, k * , are insensitive to bulk modulus. Despite the vastly different total average displacement, u * 0 , for the three simulations, subtracting the bulk displacement, u * 0,bulk , yields an isochoric deformation, u * 0,extrusion , that is insensitive to bulk modulus. In the preceding finite element calculations, we considered finite deformation of a neo-Hookean material, which is complicated because the contact condition on the low-pressure end changes as the material is elastically extruded into the gap. For the case of finite deformation, we have made no attempt to map the stiffness of the support as a function of the geometry and material parameters. However, we have attempted to do so, via finite element analysis, for the linear limit (which can likely alternately be solved analytically, perhaps using complex analysis techniques of Muskhelishvili.) For infinitesimal linear elastic deformations, we empirically find the low-pressure support stiffness for plane strain to be of the form
where the prefactor 2.5 is determined from curve fitting and we define the effective gap, g eff to be the height between the outer sealing surface and the lower corner of the fillet on the low-pressure support. Plots of finite element simulations versus this empirical result are shown in Fig. SM-4 . Note that we have considered only a very narrow range of Poisson ratio near the incompressible limit of ν → 1/2, which is of interest for elastomers. We do not know how Poisson ratio will affect the effective stiffness if allowed to deviate far from ν ≈ 1/2. Note that the behavior of the effective stiffness for finite deformations is complicated by the fact that the seal deforms around the corner radius. Therefore, the effective gap, g eff , may be better approximated by H − h rather than H − (h − r c ) in the infinitesimal deformation case. For finite deformation cases, the effective stiffness for a material undergoing infinitesimal deformation can be used as a starting point, and a single finite element analysis can determine the more precise value for a given geometry and shear modulus.
Finite Element Simulations for Crack Initiation
In the paper, the energy release rates for the growth of pre-existing cracks on both the high-pressure and low-pressure ends are discussed. Finite element simulations are used to evaluate these energy release rates for finite-deformation, neo-Hookean materials under plane strain using the CPE4H element type in the software package Abaqus/Standard. Fig. SM-5 is a schematic showing the seal under plane strain deformation, along with the location of cracks introduced into the mesh for the purpose of evaluation of the energy release rates. On the high-pressure end, a single interfacial crack of length L c,HP = 10 µm is introduced at the interface between the elastic body and the rigid substrate. We impose boundary conditions on this crack of zero shear traction and zero normal displacement. The choice of these is subjective. The choice of zero normal displacement was made because it was presumed that, in realistic applications, the seal will be initially pre-compressed in the direction normal to the inner and outer sealing surfaces. This pre-compression will be caused by swelling for the case of swell packer seals or mechanical compression upon assembly or due to application of axial load, as in the case of mechanical packers. Regardless, it is presumed that, in order for a seal to be maintained, it is necessary that the compressive traction normal to the sealing surface be larger than the applied hydrostatic load from fluid pressure. Therefore, we presume this crack does not open in Mode I fracture.
The choice of no shear in the tangential direction is arbitrary. There will certainly be friction in realistic situations. However, friction has been neglected throughout the analytic model at the other surfaces, and we therefore neglect it here. In more applied finite element modeling, this assumption can easily be relaxed. On the low-pressure end, we introduce a sequence of N cracks = 51 small cracks, each of length L c,LP = 10 µm, perpendicular to the undeformed low-pressure surface. These cracks are uniformly spaced in the direction parallel to the face of the low-pressure support with spacing s = 20 µm. The reason for the introduction of such a large number of cracks is that in physical systems, we expect there to be small cracks throughout the material, and we generally do not know the geometry of these pre-existing defects. The reason we care about these is that, at some critical pressure, one of the cracks will begin to grow. If we knew exactly which crack would begin to grow, we could omit many of the other cracks because the stress concentrations around their crack tips are locally confined. However, for the finite deformation finite element analysis, we do not know a priori which crack will experience the maximum energy release rate. For small loads, and small deformations, the crack experiencing the largest energy release rate is one that is located near the corner of the low-pressure support in the undeformed configuration. However, as pressure is increased, this particular crack elastically extrudes into the extrusion gap, and a different crack experiences a larger energy release rate than the first. This transfer of peak energy release rate from one crack to another continues as pressure and elastic deformation increase. Because of this finite deformation, it is not a single material point (single crack) which always experiences the maximum energy release rate. Therefore, in order to calculate the tendency, at any given pressure, for crack growth on the low-pressure end, the maximum value over all 51 cracks is taken for each value of applied pressure.
To illustrate the effects of multiple cracks on energy release rate at the low-pressure end, we again consider the system used to calculate low-pressure stiffness, k * , as illustrated in Fig. SM-2 . Recall this system is shear-free on the inner and outer sealing surfaces, which isolates the low-pressure support effect from the shear lag effect. Fig. SM-6 .a shows the energy release rate, G LP , on the low-pressure end, as a function of applied pressure for two different ratios of elastic moduli. The results show that the energy release rate on the low-pressure end is insensitive to bulk modulus provided shear modulus is held fixed. 5 . The results show that, for very small applied loads and small deformations, crack numbers 37, 38, 39 and 40 yield the largest energy release rates. As pressure is increased past approximately p 0 = 400 kPa, crack 51 yields the largest energy release rates. The reason for this is shielding from other cracks. Crack 51 is the top-most crack in the array of cracks, and therefore has only neighboring cracks below it. Therefore, it receives only half the shielding of the other cracks, and its energy release rate is larger, over a range of pressures, than cracks that are more shielded. Finally, at the highest pressures, cracks 24 and 25 yield the largest energy release rates. This transfer among cracks {37-40}, 51 and {24-25} is due to finite deformation. Together, the finite deformation and contact make this local energy release problem nonlinear and contribute to the peculiar shape of the resulting maximum energy release rate curve.
In the corresponding article, the effect of seal length and compressibility was investigated for two different low pressure support geometries. Figures 5 and 6 are finite element results for the case when the extrusion gap is 25 percent of the channel thickness, meaning the low-pressure support is relatively compliant and extrusion is facilitated. The geometry for these plots is given in Table SM-2. The alternate configuration is a low-pressure support geometry where the extrusion gap is ten percent of the channel width, and the details of this geometry are given in Table SM-3 . This geometry provides a much larger low-pressure support stiffness, k * , and the values from these simulations correspond to Fig. 7 in the journal article.
The choice of crack size given in Tables SM-2 and SM-3 is somewhat arbitrary and motivated by computational constraints, where it is necessary to choose a crack length several times larger than the characteristic size of the elements, and also significantly smaller than the characteristic length scales in the problem. The smallest of these length scales is the corner radius at the low-pressure end, which in general is not well-known. (Locally Refined)
However, in these simulations, we choose it to be r c = 0.188 mm, which is significantly smaller than the smallest characteristic gap size, H − h = 2.5 mm, yet still large enough to be significantly larger than the arbitrarily chosen characteristic crack length of 10 µm and characteristic element size of 1 µm. As stated in the text, Fig. 7 is a plot of computational results for the smaller extrusion gap, where a failure criterion of G crit = 0.5 J/m 2 for a crack length of L c = 10 µm was chosen. The critical stress levels corresponding to this critical energy release rate are obtained from figures analogous to Figs. 5 and 6 in the paper (which were plots for the larger 25 percent extrusion gap). Fig. SM-7 is a plot of energy release rate versus analytically predicted axial stress gradient on the high-pressure end, and is analogous to Fig. 4 in the article. Fig. SM-8 in the Supplementary Information is a plot of energy release rate versus transmitted axial force on the low-pressure end, and is analogous to Fig. 5 in the article. Together, these two plots were used to determine the critical stresses corresponding to the critical energy release rates for the purposes of computing Fig. 7 . is denoted on the plot because it is used as the failure criterion in Fig. 7 of the paper. The right plot shows that the slope, for modest pressures, is 2 as predicted by linear elastic fracture mechanics. Figure SM-8: Energy release rate versus axial force at the low-pressure end. The axial force is calculated entirely from the analytic model, with the lone fitting parameter being the low-pressure support stiffness, k * , which was calculated independently. The point corresponding to the energy release rate of G = 0.5 J/m 2 is denoted on the plot because it is used as the failure criterion in Fig. 7 of the paper.
